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1. Introduction 

The aim of this paper is to offer an algebraic construction of infinite- 
dimensional Grassmannians and determinant bundles. As an applica- 
tion we construct the r-function and formal Baker-Akhiezer functions 
over arbitrary fields, by proving the existence of a "formal geometry" 
of local curves analogous to the geometry of global algebraic curves. 

Recently G. Anderson ([A]) has constructed the infinite-dimensional 
Grassmannians and r-functions over p-adic fields; his constructions are 
basically the same as in the Segal- Wilson paper ( [S W] ) but he replaces 
the use of the theory of determinants of Fredholm operators over a 
Hilbert space by the theory of p-adic infinite determinants (Serre [S]). 

Our point of view is completely different and the formalism used is 
valid for arbitrary base fields; for example, for global number fields 
or fields of positive characteristic. We begin by defining the func- 
tor of points, Gr(V, V + ), of the Grassmannian of a k- vector space 
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V (with a fixed A;-vector subspace V + C V) in such a way that the 
points Gr(V, V + )(Spec(k)) are precisely the points of the Grassman- 
nian defined by Segal- Wilson or Sato-Sato ([SW], [SS]) although the 
points over an arbitrary A;-scheme S have been not previously con- 
sidered by other authors. This definition of the functor Gr(V, V + ), 
which is a sheaf in the category of £;-schemes, allows us to prove that 
it is representable by a separated /c-scheme Gr(V, V + ). The universal 
property of the /c-scheme Gr( V, V + ) implies, as in finite-dimensional 
Grassmannians, the existence of a universal submodule, Cy, of n*V 
(it : Gr(V, V + ) — > Spec(k) being the natural projection). These con- 
structions allow us to use the theory of determinants of Knudsen and 
Mumford ([KM]) to construct the determinant bundle over Gr(V, V + ). 
This is one of the main results of the paper because it implies that we 
can define "infinite determinants" in a completely algebraic way. From 
this definition of the determinant bundle, we show in §3 that global 
sections of the dual determinant bundle can be computed in a very 
natural form. The construction of r-functions and Baker functions is 
based on the algebraic version, given in §4, of the group Y of continuous 
maps S 1 — > C* defined by Segal- Wilson ([SW]) which acts as a group 
of automorphisms of the Grassmannians. We replace the group T by 
the representant of the following functor over the category of /c-schemes 

S - H°(S, O s ){{z)Y = H°(S, O s )[[z]][z- l r 

This is one of the points where our view differs essentially from other 
known expositions ([A], [AD], [SW], [SS]). Usually, the elements of V 
are described as developments, of the type / = X)-oo ^ z% e 
in the present formalism the elements of T with values in a fc-algebra 
A are developments / = J2 i> __ N A, z l e A((z)) such that A_i, . . . , 
are nilpotent elements of A. 

In future papers we shall apply the formalism offered here to arith- 
metic problems (Drinfeld moduli schemes and reprocity laws) and shall 
give an algebraic formalism of the theory of KP-equations related to 
the characterization of Jacobians and Prym varieties. We also hope 
that this formalism might clarify the algebro-geometric aspects of con- 
formal field theories over base fields different from R or C in the spirit 
of the paper of E. Witten ([W]). 



2. Infinite Grassmannians 
Let V be a vector space over a field k. 
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Definition 2.1. (Tate [TJ) Two vector spaces A and BofV are com- 
mensurable if A + B/AC\ B is a vector space over k of finite dimen- 
sion. We shall use the symbol A ~ B to denote commensurable vector 
subspaces. 

Let us observe that commensurability is an equivalence relation be- 
tween vector subspaces. The addition and intersection of two vector 
subspaces commensurable with a vector subspace A is also commensu- 
rable with A. 

Let us fix a vector subspace V + C V. The equivalence class of 
vector subspaces commensurable with V + allows one to define on V a 
topology, which will be called V^-topology: a basis of neighbourhoods 
of in this topology is the set of vector subspaces of V commensurable 
with V + . 

V is a Haussdorff topological space with respect to the l /+ -topology. 

Definition 2.2. The completion ofV with respect to the V + -topology 
is defined by: 

V = lim (V/A) 

A~V+ 

Analogously, given a vector subspace BCVwe define the comple- 
tions of B and V / B with respect to BC\V + and B + V + / B, respectively. 

The homomorphism of completion V —>V is injective and V is said 

to be complete if V —*V is an isomorphism. 

Example 1. • (V, V + = 0); V is complete. 

• V = k((t)), V + = k[[t}}; V is complete. 

• Let (X, Ox) be a smooth, proper and irreducible curve over the 

field k, and let V be the ring of adeles of the curve and V + = YV^p 

v 

( O p being the m p -adic completion of the local ring of X in the 
point p) ; V is complete with respect the V^-topology. 

Proposition 2.3. The following conditions are equivalent: 

1. V is complete. 

2. V + is complete. 

3. Each vector subspace commensurable with V + is complete. 

Proof. This follows easily from the following commutative diagram for 
every A ~ V + : 

► A ► V ► V/A ► 

i A i v ~ 



► A ► V ► V/A ► 
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□ 

Definition 2.4. Given a k-scheme S and a vector subspace B C V , 
we define: 

1. V s = lim (V/A®O s ). 

V k 

2. B s = lim (B/A n B) ® O s . 

V k 

3. (V/B) s = lim ((y/A + B) ® O s ). 

a k 

A~V+ 

Proposition 2.5. Vg is a sheaf of Os -modules and given B ~ V + , we 
have: 

(V/B) s = Vs/Bs = (V/B) ® O s 

k 

Proof. This is an easy exercise of linear algebra. □ 

Let V be a A;-vector space and V + a vector subspace determining a 
class of commensurable vector subspaces. 

Definition 2.6. A discrete vector subspace of V is a vector subspace, 
LCV, such that L fl V + and V/L + V + are k-vector spaces of finite 
dimension. 

We aim to define a Grassmannian scheme Gr(V,V + ), defining its 
functor of points Gr(V, V + ) and proving that it is representable in the 
category of /c-schemes. 

If V is complete, the rational points of our Grassmannian will be 
precisely the discrete vector spaces of V; that is, Gr(V, V + )(Spec(k)) as 
a set coincides with the usual infinite Grassmannian defined by Pressley 
and Segal [PS] or M. and Y. Sato [SS]. 

Definition 2.7. Given a k-scheme S, a discrete submodule ofVs is a 
sheaf of quasi- coherent Os-submodules C C Vs such that Cs> C Vs> for 
every morphism S' — > S and for each s G S , C <g> k(s) C Vs <S> k(s) 

and there exists an open neighbourhood U s of s and a commensurable 
k-vector subspace B ~ V + such that: Cjj a fl By a is free of finite type 
and VuJC Us + B Us = 0. 

Proposition 2.8. With the notations of the above definition, given 
another commensurable k-vector space, B' ~ V + , such that B C B' , 
Cu s fl B' Us is locally free of finite type. 
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Proof. This follows easily from the commutative diagram 

► B^ s > B^ s > {{B'/B)®0 Us )=B[;jB^ a 

k 



► VuJCu. > V Ua /C Us v 

using the snake Lemma. □ 

Definition 2.9. Given a k-vector space V and V + C V , the Grass- 
mannian functor, Gr(V, V + ), is the contravariant functor over the cat- 
egory of k-schemes defined by 



Gr(V,V + )(S) 



discrete sub-Os -modules of V$ 
with respect the V + -topology 



Remark 1. Note that if V is a finite dimensional A;- vector space and 
V + = (0), then Gr(V, (0)) is the usual Grassmannian functor defined 
by Grothendieck [EGA]. 

Definition 2.10. Given a commensurable vector subspace A ~ V + , 
the functor Fa over the category of k-schemes is defined by: 

F A (S) = { sub-Os -modules £ C Vs such that £®A~ s = Vs} 

(That is: C n T s = (0) and C + A~ s = Vs). 

Lemma 2.11. For every commensurable subspace B ~ V + , the con- 
travariant functor Fb is representable by an affine and integral k- 
scheme F B . 

Proof. Let L be a discrete /c-subspace of V such that L © B = V; we 
then have: 

F B (S)=Hom Os ((C ) s ,B s ) = lim Hom Os ((C ) s , B /B n A ® O s )) 

A k 

If we denote by F B/BnA (S) the set Hom Os ((£ ) s , B/B n A®O s )), 

k 

it is obvious that the functor Fb/bda(S) is representable by an affine 
and integral /c-scheme since B/B n A is a finite dimensional k- vector 
space. But Fs is now a projective limit of functors representable by 
affine schemes, so we conclude that F B is representable by an affine 
A;-scheme. □ 
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Lemma 2.12. Let £ be an element in Gr v +(V)(S) and A and B are 

two k-subspaces ofV commensurable with V + . It holds that: 

a) if Vs/C + As = 0, then C fl A$ is a finite type locally free of 0$- 
module. 

b) Vs/C + Bs is an Os-module locally of finite presentation. 
Proof. 

a) By proposition 2^ , for each point s E S there exists an open neigh- 
bourhood U s and a commensurable k subspace A' ~ V + such that: 
A C A', V Us /C Us + A' Us = and C Us n A' Ua is free of finite type. From 
the exact sequence: 

O^CDAs^C^ (V s /A s ) = (V/A) s -> 

one deduces that £ fl As is quasicoherent and 

o - (£ n A s ) Ua - c Us -> (WA/J = (VM) % - o 

Let us consider the commutative diagram: 

► £©A? ► C®A^ ► (A'/A) s ► 



> V s > V s > > 

By using the snake lemma we have an exact sequence: 

- (C s nAs) - C s nA' s - {A'/A) s - V s /C s + A s - ^/£ 5 + #s - 
In our conditions for A and A' we have: 

- n A[/J - n A\ - (A'/A) Ut - 

Then, (£ fl As)^ = fl A[/ s is the kernel of a surjective homomor- 
phism between two free Ou s -modules of finite type, and we conclude 
the proof. 

b) For a given s G S, let us take B C B' such that B' ~ V + 
is a commensurable subspace, £[/ s fl B'u a is free of finite type and 
Vu s /Cu a + -BV S — 0. We then have the exact sequence: 

and so we conclude. □ 



Theorem 2.13. The functor Gr(V, V + ) is representable by a k-scheme 
Gr(V,V+). 
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Proof. The proof is modeled on the Grothendieck construction of finite 
Grassmannians [EGA]; that is: 

It is sufficient to prove that {Fa, A ~ V + } is a covering of Gr(V, V + ) 
by open subfunctors: 

l)For every A ~ V + , the morphism of functors Fa — > Gr(V, V + ) is 
representable by an open immersion: 

That is, given morphism of functors X' — > Gr(V, V + ) (where X is a 
/c-scheme), the functor 

X' x Fa X' 

Gr(V,V+) 

is represented by an open subscheme of X. This is equivalent to proving 
that given C G Gr(V, V + )(X), the set : 

U{A, C) = {x G X such that C x = £ ® k(x) G F A (Spec(k(x)))} 

Ox 

is open in X. 

If C x G F4(Spec(fc(x)), then: 

but Vx/jC + Ax is a Ox-module of finite presentation and, applying 
the lemma of Nakayama, there exists an open neighbourhood U x of x, 
such that 

V Ux /C Ux +A Ux =0 



By lemma |2T2| , Cu x ^Au x is a C^-module coherent. However, bearing 

in mind that C x fl v4 fe ( x .) = 0, there exists another open neighbourhood 

of x, U' x C [4, such that £^ fl = and therefore Cw x G Fa(U' x ). 
2) For every k-scheme X and every morphism of functors 

X' -> Gr(V, V + ) 

tie open subschemes {U(A, C), A ~ F + } defined above are a covering 
ofX. 

That is, given £ G Gr(V, and a point x G X, there exists an 

open neighbourhood, U x , of x and a commensurable subspace A ~ 
such that: 

£ % G Fa(U x ) 
Let A be a commensurable subspace such that: 

£;r n = o 

since Vk(x)/£x + A k ( x ) is a fc(x)-vector space of finite dimension, we can 
choose a basis (ei <8> 1, . . . , e k ® 1) of V k ( x )/C x + A k ^ where G V. 



cS 
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Defining 

B = A+(e 1 ,...,e k ) 

obviously B ~ V + . One can easily prove that there exists an open 
subset U' x C U such that £jj' x G F B {U' x ) and this completes the proof 
of the theorem. □ 

Lemma 2.14. Let A, B be two k-vector spaces of V commensurable 
with V + . A necessary and sufficient condition for the existence of £ £ 
Gr(V, V + )(S) such that £ © As = £ © B~ s = Vs, is that there should 
exist an isomorphism of k-vector spaces 

r : B/AHB ^ A/ An B 

Proof. Let us consider the decomposition: 

Vs = {AnB~) s © [BjA n B) 3 © (A/ A n B) s © (V/A + B) 3 
If the isomorphism r exists, we take: 

£ = {(a,b,r(b)), ae(V/A + B) s , be(B/Bf)A) s } 

Conversely, assume that £ © A s = £ © B s = Vs- We then have: 

£®{B/B n a) s @(bcTa s ) ~ £®Bs ~ £©A^ ~ £©(A/A n b) s ®(es7}A 

from which we deduce that: 

(B/AnB) s ^(A/AnB) s 

□ 

Theorem 2.15. Gr(V, V + ) is a separated scheme. 

Proof. Let F B = Spec(A B ) = (Ub) be the affine open subschemes of 



s 



the Grassmannian constructed in lemma |2.11| . It suffices to prove that 
given two commensurable subspaces B' and B such that F B fl F B i ^ 
then F B fl F B > is affine. 
By lemma p. 14 

F B nF B ^0 

implies the existence of £ G Fe(Spec(fc)) fl F B r(Spec(k)) and bearing 
in mind that 

F B fl -Fg/ = x Fg/ 
we conclude the proof. □ 
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Definition 2.16. The discrete submodule corresponding to the identity 

IdeGr(V,V + ) (Gr(V,V + )) 
will be called the universal module and will be denoted by 

Ly C V Gl (yy+) 

Remark 2. In this section we have constructed infinite-dimensional 
Grassmannian schemes in an abstract way. Since we select particu- 
lar vector spaces (V, V + ) we obtain different classes of Grassmannians. 
Two examples are relevant: 

1. V = k((t)), V+ = k[[t}}. In this case, Gr(Jfe((*)), k[[t]\) is the 
algebraic version of the Grassmannian constructed by Pressley, 
Segal, and M. and Y. Sato ([PS], [SS]) and this Grassmannian is 
particularly suitable for studying problems related to the moduli 
of curves (over arbitrary fields) and KP-equations. 

2. Let (X, Ox) be a smooth, proper and irreducible curve over the 

field k and let V be the adeles ring over the curve and V + = Y\O p 

p 

(Example 1.3.3). In this case Gr(V, V + ) is an adelic Grassmannian 
which will be useful for studying arithmetic problems over the 
curve X or problems related to the classification of vector bundles 
over a curve (non abelian theta functions...). 
Instead of adelic Grassmanians, we could define Grassmanians 
associated with a fixed divisor on X in an analogous way. 
These adelic Grassmanians will be also of interest in the study 
of conformal field theories over Riemann surfaces in the sense of 
Witten ([W]). 

Remark 3. From the universal properties satisfied by the Grassman- 
nian one easily deduces the well known fact that given a geometric 
point W G Gr (V)(Spec(K)) {k K being an extension of fields), the 
Zariski tangent space to Gr(V^) at the point W is the i^-vector space: 

T w Gr(V) = Hom{W, Vr/W) 

3. Determinant Bundles 

In this section we construct the determinant bundle over the Grass- 
mannian following the idea of Knudsen and Mumford ([KM]). This 
allow us to define determinants algebraically and over arbitrary fields 
(for example for k = Q or k = ¥ q ). 

Let us set a pair of vector spaces, V + C V . As in section 0, we will 
denote the Grassmannian Gr(V, V + ) simply by Gi{V). 
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Definition 3.1. For each A ~ V + and each L G Gr(V)(S) we define 
a complex, C\{L), of Os -modules by: 

C\(L) = > -> L © A s ^V s -> -> . . . 

5 fremg i/ie addition homomorphism. 

Theorem 3.2. C^(L) is a perfect complex of Os -modules. 

Proof. We have to prove that the complex of C\(L) is locally quasi- 
isomorphic to a bounded complex of free finitely-generated modules. 

Let us note that the homomorphism of complexes given by the dia- 
gram: 

... ► ► L®A S — ^ V s ► ► ... 

pi 

... »■ > L y {V/A) s ► > ... 

(pi being the natural projection) is a quasi-isomorphism. The problem 
is local on S, and hence for each s G S we can assume the existence of 
an open neighbourhood, U, and a commensurable subspace B ~ V + 
such that A C B and: 

Vu/(Ljj, Bjj) = , Ljj fl Bu is free and finitely-generated 

We then have the exact sequence: 

o -> l v n A v -> n Ed -> (s/A)^ -> v^/(l^ + i^) -> o 

from which we deduce that the homomorphism of complexes given by 
the following diagram is a quasi-isomorphism: 

... ► »■ Ljj fl Bjj ► (B/Ajjj > »• ... 

... > ► Ljj »■ (V/Ajjj > »■ ... 

That is, C* A {L)\u is quasi-isomorphic to the complex — > L;y fl -B;/ — > 
(B/A)u — > 0, which is a complex of free and finitely-generated modules. 

□ 

Definition 3.3. The index of a point L G Gr(V)(S) is the locally con- 
stant function i L : S — > Z defined by: 

il(s) — Euler-Poincare characteristic of Cy+(L) <g> fc(s) 

fc(s) 6eing i/ie residual field of the point s E S. (For the definition of 
the Euler-Poincare characteristic of a perfect complex see [KM]j. 
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Remark 4. The following properties of the index are easy to verify: 

1. Let / : T — > S be a morphism of schemes and L G Gr(l / )(S'); 
then: i f , L = f*(i L ). 

2. The function % is constantly zero over the open subset Fy+. 

3. If B ~ V+, \/+ C 5 and V^/Lt, + = over an open sub- 
scheme U C S, then ii(s) = dim fc(s )(L s fl 5 S ) — dim k ^(B s /Vj~). 

4. If V is a finite-dimensional k- vector space and V + = V and L G 
Gr(F ) (5) , then i £ = rank(L) . 

5. For any rational point L G Gr(V)(Spec(fc)) one has: 

i L = dim fc (L n V + ) - Aim k {y / L + t> + ) 

Theorem 3.4. Let Gr n (^) be the subset over which the index takes 
values equal to n G Z. Gr n (V) are open connected subschemes of Gr(V) 
and the decomposition of Gr(V) in connected components is: 

Gt(V) = ]jGr n (V) 

Proof. This is obvious from the properties of the index. □ 

Given a point L G Gr(V)(S) and A ~ V + , we denote by Det C\(L) 
the determinant sheaf of the perfect complex C* A {L) in the sense of 
[KM]. 

Theorem 3.5. With the above notations the invertible sheaf over S, 
DetC^(L), does not depend on A (up to isomorphisms) . 

Proof. Let A and A' be two commensurable subspaces. It suffices to 
prove that: 

DetC* (L) ^ Det C' A , (L) 

in the case A C A'. In this case we have a diagram: 

... ► »■ £®A S — V s >■ > ... 

id 

... ► > C®A' S V s > > ... 

and by the additivity of the functor Det(— ) we obtain: 
DetC^(L) ® Det(A'/A) s ^ Det C\, (L) 
However A' /A is free and we conclude the proof. □ 
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Definition 3.6. The determinant bundle over Gr(V) , Dety, is the in- 
vertible sheaf: 

Bet C' V+ {C V ) 

Ly being the universal submodule over Gr(V). 

Proposition 3.7. (Functoriality) Let L e Gr(V)(S) be a point given 
by a morphism f L : S — > Gr(V). There exists a functorial isomorphism: 

ffDet v ^Det C- A (L) 

We shall denote this sheaf by Dety(L). 

Proof. The functor Det(— ) is stable under base changes. □ 

Remark 5. Let L e Gr(V)(Spec(K)) be a rational point and let A ~ 
V + such that L fl A K and V K /L + A K are K- vector spaces of finite 
dimension. In this case we have an isomorphism: 

Dety(L) ~ A max (L n A K ) ® A max (V K /(L + A K ))* 

That is, our determinant coincides, over the geometric points, with the 
determinant bundles of Pressley, Segal, Wilson and M. and Y. Sato 
([PS], [SW], [SS]). 

We shall now state with precision the connection between the deter- 
minant bundle Dety and the determinant bundle over the finite Grass- 
mannianns. 

Let L, V E Gr(V)(Spec(A;)) such that L C V. In these conditions, 
L'/L is a A;- vector space of finite dimension. The natural projection 
7r : V — > L'/L induces an injective morphism of functors: 

Qt(L'/L) ^ Gr(V) 

defined by: 

j(M) = 7i- 1 (M) for each M e Gr (L'/L) (S) 
We then have a morphism of schemes: 

j : Gr(L'/ L) ^ Gr(F) 
It is not difficult to prove that j is a closed immersion. 

Theorem 3.8. With the above notations, there exists a natural iso- 
morphism: 

j* Dety ^ Best L '/ L 

Bet l'/l being the determinant bundle over the finite Grassmannian 
Gv(L'/L). 
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Proof. Let & be the universal submodule over Gr(L'/L). By definition 
Detz//L = Det(C f — > L'/L), which is isomorphic to Det(7r _1 £^ — > L'). 
By the definition of j, one has j*C v — » n^C? and hence: 

j* Dety ~ Det(7r- 1 £ / © -> V) 

and from the exact sequence of complexes: 

TX- X U ► Tl- 1 ^ ®V+ ► V+ 

V ► V — ► v/v 

we deduce that j* Dety ~ Det^/L. □ 

Corollary 3.9. Let i be the index function over Gr(V). For each ra- 
tional point M G Gt(L'/L) one has: 

i(j(M)) = i(L') + dim k (L'/M + L) 

Proof Obvious. □ 

3.1. Global sections of the determinant bundles and Pliicker 
morphisms . It is well known that the determinant bundle have no 
global sections. We shall therefore explicitly construct global sections 
of the dual of the determinant bundle over the connected component 
Gt°(V) of index zero. 

We use the following notations: A*E is the exterior algebra of a 
/c-vector space E; A r E its component of degree r, and AE is the com- 
ponent of higher degree when E is finite-dimensional. 

Given a perfect complex C* over /c-scheme X, we shall write Det* C* 
to denote the dual of the invertible sheaf Det C* . 

To explain how global sections of the invertible sheaf Det* C* can be 
constructed, let us begin with a very simple example: 
Let / : E — > F be a homomorphism between finite-dimensional k- 
vector spaces of equal dimension. This homomorphism induces: 

A(/) : AE — > AF 

and A(/) ^ / is an isomorphism. A(/) can be expressed as a 

homomorphism: 

A(/) : k -> AF <S> (AE)* 

Thus, if we consider E — >F as a perfect complex, C, over Spec(A;), we 

have defined a canonical section A(/) G H°(Spec(k), Det* C). 

f 

Let us now consider a perfect complex C* = (E — > F) of sheaves 
of Ox-modules over a /c-scheme X, with Euler-Poincare characteris- 
tic X(C) = 0. Let U be an open subscheme of X over which C* 
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is quasi-isomorphic to a complex of finitely-generated free modules. 
By the above argument, we construct a canonical section det(f\u) £ 
H°(U, Det*C*) and for other open subset, V, there is a canonical iso- 
morphism det(f\u)\unv — det(f\v)\unv an d we therefore have a canon- 
ical section Det(/) e H°(X, Det* C). If the complex C* is acyclic, one 
has an isomorphism: 

Ox ^ Det* C 
1 » det(f) 

(for details see [KM]). 

Let — > H' — > C* — > C* — > be an exact sequence of perfect 
complexes. There exists a functorial isomorphism 

Det* C* Det* /T <g> 0x Det* C* 

If if* is acyclic, we obtain an isomorphism 

H°(X, Det* C') A H°{X, Det* £') 

In the case H m = (E £), C* = (V -A V), C* = (F A F), and 
X(C') = (i = 1,2), we obtain the following commutative diagram: 

O x — Det* H'®O x ^ O x 



Det* C* — Det* H* ® Det* C* ~ Det* C' 

from which we deduce that det(f) = det(f'). Moreover, if F is locally 
free of finite rank, this means that computation of det(f) is reduced to 
computation of det(f'), as mentioned above. 

Let V be a fc-vector space and V + C V and A ~ V + a commen- 
surable vector subspace. Let us consider the perfect complex C' A = 

over Gi{V) defined in [3] (£ being the universal discrete 
submodule over Gr(V)). 

Lemma 3.10. Fa C Gr°(V) if and only if 

dim k {A/A n y + ) - dim fc (y + /^ n V + ) = 

Proof. Obvious. □ 



Corollary 3.11. The open subschemes Fa with dim.k(A/ A H V + ) — 
dim.f : (y + / A H V + ) = are a covering o/Gr°(V). Given A,B ~ y + 
under the assumption F A , F B C Gr°(V) one /ias dim fc (A/A fl £>) — 
dim fc (S/AnS) = 0. 

Proof. Obvious. □ 
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Given A ~ V + with Fa Q Gr°(V), let us note that C a \f a is an acyclic 
complex. One then has an isomorphism: 

O x \ FA ^Det*C' A \ FA 

1 SA = det(5 A )\F A 

We shall prove that the section sa £ H°(Fa, Det* C' A ) can be extended 
in a canonical way to a global section of Det* C' A over the Grassmannian 
Gr°(V). 

Let 5 ~ V + be such that Fb C Gr°(V) and let us consider the 
complex: 

C\ B = (C © A ^ C © B) 

where 5 AB = S B X o 5 A . Obviously <^ab | (o,Ans) = ^AnB and ^as|(£,o) = 
Fic, we then have an exact sequence of complexes: 

A/ADB 



£©(in5) ► C®A ► (C © A)/C © (A n B) ► 

Id Sab 4>ab 

£©(in5) ► C®B ► (£©B)/£©(inB) ► 



B/AHB 

and from the discussion at the beginning of this section we have that 
det(4>AB) = det{5AB) £ H°(F B , Det* C AB ) and det(5 AB ) satisfies the 
co cycle condition: 

det(8 AA ) = 1 

det(5 AB ) ■ det(5 BC ) = det(5 AC ) over F B n F c for any C ~ V + 
Over Fa fl F B we have canonical isomorphisms: 

OF A nF B Bet* C A \ FA nF B 
1 >-»• s A 

OF A nF B —> Det* | F A nF B 
1 1 ► s B 

OfaDFb — > Det* C AB | FaDF b 
1 i-> det(5 AB ) 
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which are compatible, therefore: 

[Sb ■ dct(8 AE>y) \ FaC\Fb = s a\f a c\f b 

sb ■ det(SAB) being the image of sb <S> det(5 A s) by the homomorphism: 

H°(F B , Det* C' B ) ® H°{F B , Det* C' AB ) -> H°{F B , Det* C\) 
defined by the isomorphism of sheaves: 

Det C\ ~ Det C% <g> A(A/A n5)® A(B/A n B)* ~ Det <g> Det C' AB 

Definition 3.12. The global section uo A G H°(Gr°(V), Det* C\) de- 
fined by: 

{s B ■ det(5 AB )}B~v+ 
will be called the canonical section ofDet*C A . 

This result allows us to compute many global sections of Det*/ = 
Det C* v+ over Gi Q {V): 

Given A ~ V + such that F A C Gr°(V) the isomorphism Det* C* A ^ 
Det*/ is not canonical, and in fact we have a canonical isomorphism: 

Det* C\ Det*, <g> n V + ) <g> /\(V + / A n V + )* 

Therefore to give an isomorphism Det*C^ ^ Defy depends on the 
choice of bases for the vector spaces A/ An V + and V + / A n V + . 

3.2. Computations for finite-dimensional Grassmannians. Let 

V be a d-dimensional /c-vector space with a basis {ei, . . . , e^}, let 
{e^, . . . , e*,} be its dual basis, and V + =< e k+ ± : . . . , e d >C V. In this 
case Gr°(V, V + ) is the Grassmannian of V classifying /c-dimensional 
vector subspaces of V. Given a family of indexes 1 < %\ < ■ ■ ■ < %\ < d 
(1 < I < d), let A(ii, . . . ,ii) be the vector subspace generated by 
{e ii: . . . , e i; }. One has that F A C Gr°(y) is equivalent to saying that 
l = d-k. 

Let us set A = A(i±, . . . ,id-k)- Now, the canonical section uj a G 
H°(Gr°(V), Det* C' A ) is the section whose value at the point L =< 
h, . . . , l k >G Gr°(y) is given by: 

u A (L) = 7r j4 (/i)A---A7r j4 (/ fe )®/*A---A/fc G AV/A®AL* = (Det*C') L 

{/*, . . . , 11} being the dual basis of {/ l5 . . . , 4} and n A : L — > the 
natural projection. Note that {e^, . . . ,e Jfc } is a basis of where 
{jij • • • jjfc} = {1, • • - ,d} — . . . ,id-k}, an d that its dual basis is 
{e* v . . . , e*J in (V/^4)* C V*. We have now: 

uj a (L) = {e* h A • • • A e*J(/i A • • • A l k ) ■ e h A • • • A e jk <g> Z* A • • • A l* k 
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Observe that the /c-vector space 

A(A/A n V + )* ® A(V + /A n V + ) 

is generated by: 

e A = C A " ,A C® e «i A, " A e «. 

where 

{ii, . . . , i d -k] ~ {k + 1, . . . , d} = {mi, . . . , m r } 
{k + l,...,d}-{ii,..., id-k} = {ni, ...,n r } 
And tensorializing by ca gives an isomorphism: 

H°(Gr°(V),Det*C A ) ^ H°(Gx°(V),Det* v ) 

Let Qa be the image of the canonical section u A - The explicit expres- 
sion of Qa is: 

Q A {L) = {e* n A- ■ -Ae* k ){hA- ■ -AQ-^A- ■ -Ae^^A- ■ -Al* k G (Det^L 

Let C C V; 
epimorphism: 

and bearing in mind the canonical isomorphism Dety ~ A(V/V + ) ® 
A fc £* one obtains a canonical homomorphism: 

A fcy* = H°(Gv°(V),A k V*) -> #°(Gr°(V),Det£) 

(where {ji, . . . , j k } \J{h, . . . , id-k} = 

It is well known that this homomorphism is in fact an isomorphism. 

3.3. Computations for infinite-dimensional Grassmannians. In 
3721 we discussed well known facts about the determinants of finite- 



Let £ C V Gt O(yj be the universal submodule. One has a canonical 



dimensional Grassmannians but have stated these results in an intrinsic 
language, which can easily be generalized to the infinite-dimensional 
case. 

Let V be a /c-vector space. We shall assume that there exists a family 
of linearly independent vectors {e{,i G Z} such that: 

1. < {ej}, i > > is dense in V + (with respect to the K + -topology) , 

2. < {ej}, i G Z > is dense in V. 

Remark 6. The above conditions are satisfied for example by V = 
k((t)) and V + = k[[t}}. 

Definition 3.13. Let S be the set of sequences {sq, s±, . . . } of integer 
numbers satisfying the following conditions: 
1. the sequence is strictly increasing, 
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2. there exists s G Z such that {s, s + 1, s + 2, . . . } C {s , s±, . . . }, 

3. #({s ,si,...}-{0,1,...}) =#({0,1,...}-{s ,si,...}). 

The sequences of S are usually called Maya's diagrams or Ferrer's 
diagrams of virtual cardinal zero (this is condition 3). 

For each S G S, let As be the vector subspace of V generated by 
{e Si ,i > 0}. By the condition 3 one has: 

dim k (A s /A s D V + ) = dim k {V + /A s H V+) 

and hence: A? ~ V + and F As C Gr°(V). Further, {F As ,S G 5} is a 
covering of Gr°(V). 

Let {e*} be a dual basis of {ej}; that is, elements of V* given by 
e*{ ej ) = Sij. 

For each finite set of increasing integers, J = {ji, ■ ■ ■ ,j r }, let us 
define ej — A • • • A e jr and e} = e* x A • • ■ A e* r . 

Given S £ S, choose J, C Z such that {e_j}_j € j is a basis of 
As/As n V + and {e^} fcg ^ of V + /4s n V + . We have seen that ten- 
sorializing by ej ® defines an isomorphism: 

H°(Gi°, Det* C A J _^2ff*l ^o (Gr o ? Det *^ 

Definition 3.14. For each S E S, Q s ^ the global section of Dety 
defined by: 

£l s = u As ®ej®e* K 
We shall denote by Q + the canonical section o/Dety. 

Let Q(S) be the /c-vector subspace of if°(Gr°, Dety) generated by 
the global sections {&s, S G S}. 
We define the Plucker morphism: 

V v : Gr°{V) -> Pn(S) 

l ^ {n s (L)} 

as the morphism of schemes defined by the homomorphism of sheaves: 

n(S) Gl(y) -> Det y -> 
(by the universal property of P). 

Remark 7. Given L, L' G Gr(V)(Spec(A;)) such that L C L', let j : 
Gr°(Z//L) <^-> Gr (V) be the natural closed immersion. Since j* Dety ~ 
Det£//£, one can easily see that the composition: 

Gr (L'/L) ^ Gr°(V) ^ Pfi(S) 
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factors through the Plucker immersion of the finite-dimensional Grass- 
mannian Gr° (L'/L): 

p u/L : Gr°(L'/ L) — > Proj S' H° (Gr° (L' / L) , Det* L , /L ) 

Theorem 3.15. The Plucker morphism is a closed immersion. 

Proof. Going on with the analogy with finite grassmannians, we will 
show that this morphism is locally given as the graph of a suitable 
morphism. Consider the morphism: 

F As Gr°(V) ?+m(S) 
From the universal property of P, we deduce a epimorphism: 

f s : Q(S) ®B ^ B 

k 

(where Spec (B) = Fa S) and Dety \f As is a line bundle). Note that it 
has a section, since the image of fi^ is a everywhere non null function. 
That is, there exists a subspace W C Q(S), and an isomorphism of 
/c-vector spaces: 

< n s > ®w a n(s) 

such that fs is the projection onto the first factor. In other words, 
V\f As is the graph of a morphism. □ 

Remark 8. Note that considering the chain of finite-dimensional Grass- 
mannians Gr°(Lj/L_j) (Li being the subspaces < {ej}j<i >), which are 
closed subschemes of Gr°(V), one easily deduces that H°(Gr°(V), Gr o^) = 
k from the fact that the homomorphism: 

H°(Gr°(V),O Gr0{v) ) -> hm/J^Gr ^/^),^^/^)) 

is inject ive. 

4. Automorphisms of the Grassmannian and the "formal 
geometry" of local curves 

Let (V, V + ) be a pair of a /c-vector space and a vector subspace 
V + C V and let Gr(V) denote the corresponding Grassmannian. We 
shall define the algebraic analogue of the restricted linear group defined 
by Pressley, Segal and Wilson ([PS], [SW]). This group is too large to 
be representable by a /c-scheme and we therefore define it as a sheaf of 
groups in the category of fc-schemes. 

For each /c-scheme S, let us denote by Auto g (Vg) the group of auto- 
morphisms of the Cg-module Vs. 



Definition 4.1. 



20 A. ALVAREZ, J. M. MUNOZ, AND F. J. PLAZA 

a) A sub-Os -module B C V s is said to be locally commensurable with 
V + if for each s G S there exists an open neighbourhood U s of s and a 
commensurable vector subspace B ~ V + such that B\u 3 = Bu s . 

b) An automorphism g G Auto g (Vg) is called bicontinuous with respect 
to the V + -topology if g(Vg) and g~ 1 (V s j ') are Os-modules ofVs locally 
commensurable with V + . 

c) The linear group, G1(V), of(V, V + ) is the contravariant functor over 
the category of k-schemes defined by: 

S Gl(l / )(S') = {g G Auto s (V5) such that g is bicontinuous } 

Theorem 4.2. There exists a natural action ofG\(V) over the functor 
of points of the Grassmannian Gr(V): 

Gl(yQx Gr(V0 A Gr(y) 
(g,L) ^ g(L) 

Proof. Let g G G\(V)(S) and L G Gr(V) (S). We have: 
V s /g(L) + V+~V s /L + g- 1 V+ 

and by definition of bicontinuous automorphisms, for each s G S there 
exist an open neighbourhood U s and a commensurable A ~ V + such 
that g~ l V + \ Us = A Us . Then: 

%Jg(L) u , + V+ t ~V v jL u ,+A+ a 
from which we deduce that g(L) G Gr(V)(S). □ 

Theorem 4.3. There exists a canonical central extension of functors 
of groups over the category of k-schemes: 

o -> G m -> Gi(y) -> Gi(y) -> o 

anc? a natural action Jx of G\{V) over the vector bundle V(Dety) de- 
fined by the determinant bundle, such that the following diagram is 
commutative: 

G\{V) x V(Dety) — V(Dety) 
G\(V) x Gi(V) — ^ Gr(y) 
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Proof. Let us define G\(V)(S) as the set of commutative diagrams: 

V(Dety) — V(Dety) 

Gr{V) — Gr(V) 

for each (7 G G1(V)(S'), and the homomorphism G1(V) — > G1(V) given 
by (7 1— > (7. The rest of the proof follows immediately from the fact that 
# (Gr°(V),£> Gr o (v) ) = k (remark |) and g* Det* v ~ Det^ for every 
S e G1(V). □ 

Remark 9. Let G be a commutative subgroup of G1(V) (a subfunc- 
tor of commutative groups). The central extension of G1(V) gives an 
extension of G: 

and the commutator of G: 

GxG^G 

(a, b) I— > libar x b 

induces a pairing: 

(gx, 92) >-> [01, 02] = gigzgi 1 ^ 1 (0* e t -1 (</*)) 

When V is a local field or a ring of adeles, this pairing will be of great 
importance in the study of arithmetic problems because it is connected 
with the formulation of reprocity laws. 

The same construction of the extensions G applied to the Lie algebra 
of G gives an extension of Lie algebras (taking the points of G with 
values in k[x]/x 2 ): 

-> G a = Lie(G m ) -> Lie(G) ^ Lie(G) -> 
and a pairing: 

Lie(G) x Lie(G) 4- G a 

(A, L> 2 ) i ► D 2 )) = [D x , D 2 ] = D 1 D 2 - D 2 D X 

(Di being a preimage of Dj). 

The pairing R is an abstract generalization of the definition of Tate 
[T] of the residue pairing. There are several subgroups of special rele- 
vance in the application of this theory to the study of moduli problems 
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and soliton equations. Firstly, we are concerned with the algebraic ana- 
logue of the group T ([SW] §2.3) of continuous maps S 1 — > C* acting 
as multiplication operators over the Grassmannian. The main differ- 
ence between our definition of the group F and the definitions offered 
in the literature ([SW], [PS]) is that in the algebro-geometric setting 
the elements Qk z k with infinite positive and negative coefficients 

do not make sense as multiplication operators over k((z)). 

Let us now consider the case V = k((t)),V + = k[[t]\. The main 
idea for defining the algebraic analogue of the group T is to construct 
a "scheme" whose set of rational points is precisely the multiplicative 
group k({z))* . 

Definition 4.4. The contravariant functor, k((z))* , over the category 
of k-schemes with values in the category of commutative groups is de- 
fined by.' 

s^k((z)Y(s) = H°(s,o s )((z)y 

Where for a k-algebra A, A((z))* is the group of invertible elements of 
the ring A((z)) = A^p" 1 ]. 

Lemma 4.5. For each k-scheme S and f G k((z))* (S) , the function: 
S -> Z 

s !-> v s (f) = order of f s G k(s)((z)) 
is locally constant. 

Proof. We can assume that S = Spec(v4), A being a fc-algebra. Let / = 
Yli> n a i z% ^ e an element of A((z))* (n G Z). There then exists another 
element g = Yli>- m h z% i m ^ ^) such that f ■ g = 1. This implies 
the following relations (from now on we assume n = to simplify the 
calculations): 

= 6_ m a 
= b_ m ai + b 



(4.6) 



= 6_ m a m _i H h 6_i a 

1 = 6_ m a m H h b a 

Let us distinguish two cases: 



a) 6_ m is not nilpotent in A: from [4.6| we obtain: 

6_ m a = bt m ai = ... b™ m a m _i = 

That is, a , . . . , a m _i are equal zero in the ring A(&_ m ) and for each s G 
Spec(A) — (6_ m )o one has 6_ m (s)a m (s) = 1 and therefore v s (f) = m. 
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We conclude by proving that in this case (6_ m )o is also an open subset 
of Spec(A): 

From the equations fO] we deduce: 

(b-m, dm-i, . . . , a )o = (b-m)o H (a m _i) n • • • fl (a )o = 

(6_ m )o U (oi) Q = Spec(A) , i = 0,...,n-l 

and hence: 

(6-m)oU ((1^(04)0) =Spec(A) 

b) Let us assume that 6_ m , • • • , &- r -i ar e nilpotent elements of A and 
that b- r is not nilpotent. The same argument as in case a) proves that 
v s (f) is constant in the closed subscheme (6_ r )o an d that its comple- 
mentary in Spec(A) is n£~o (di)o, from which we conclude the proof. □ 

Corollary 4.7. For an affine irreducible k-scheme S = Spec(A) one 
has that: 

1. v s is a constant function over S, 
2. 

series a n - T z r + ■ ■ ■ + a n z n + . . . such that 
a n _ r , . . . , a n _i are nilpotent and a n G A* 
3. If A is also a reduced k-algebra: 



{feA((z))*\v(f)=n} 



^))* = Il{E 

n£Z I, i>n 



QiZ 1 Qi G A y a n e A* 



Proof. This is obvious from lemma |4.5|. □ 



Theorem 4.8. T7ie subfunctor k((z))* of k((z))* defined by: 

s - k((z)):js) = n { * B + E * a * ^ °* 

zs representable by a group k-scheme whose connected component of the 
origin will be denote by T + . 

Proof. It suffices to observe that the functor: 

\ i>n 

is representable by the scheme: 



Specflim k\xi, . . . , x{\) = lim. 
1 1 

and the group law is given by the multiplication of series. □ 
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Theorem 4.9. Let k((z))* . be the subfunctor of k((z))* defined by: 

U\ finite series a n z~ n + ■ — h ai z -1 + 1 such that 
n>o I fli e H \S, Os) are nilpotent and n arbitrary 

There exists a formal k-scheme T_ representing k((z))* , that is: 

Rom for _ sch (S, r_) = fc((g)) *. t (g) 
/or every k-scheme S. 

Proof. Let us define the ring of "infinite" formal series in infinite vari- 
ables (which is different from the ring of formal series in infinite vari- 
ables) by: 

k{{xi, ...}} = ftmfcffsci, . . . , x n \] 

n 

the morphisms of the projective system being: 

k[[x!, . . .,x n+1 \] -> k[[x!, . . .,x n ]\ 

Xi^> Xi for i — 1, . . . , n — 1 
x n+1 ^ 

Note that: 

k{{xx, ...}} = \\mk\xi, x n ]/(x 1 , x n ) n 

n 

It is therefore an admissible linearly topological ring ([EGA] 0.7.1) 
and there therefore exists its formal spectrum Spf(k{{xi, . . . }}). Let 
us denote by J n the kernel of the natural projection k{{xi, . . . }} — > 
k[xi, . . . , x n ]/(xi, . . . , x n ) n and J = limfxi, . . . , x n ). 

Let us now prove that T_ = Spf(A;{{a;i, . . . }}): 
For every /c-scheme S, considering over H°(S, Os) the discrete topology, 
we have: 

Hom for _ sch (S, r_) = Hom cont . fe . alg ((A;{{x 1 , ...}}, H°(S, O s )) = 

f G Hom fe . alg (A;{{x 1 , ...}}, H°(S, O s )) such that' 

there exists n E N satisfying J n C /~ 1 ((0)) 

However the condition J n C / _1 ((0)) is equivalent to saying that 
f(xi),...,f(x n ) are nilpotent and f(xi) = for i > n, from which 
one concludes the proof. □ 
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Remark 10. Note that T_ is the inductive limit in the category of for- 
mal schemes ([EGA] 1.10.6.3) of the schemes which represent the sub- 
functors: 

{a n z~ n + • — h ai z^ 1 + 1 such that ' 
a t G H°(S, Os) and the n th power 
of the ideal . . . , a n ) is zero 

Remark 11. Group laws of Y + and T_ The group law of Y + = 
Spec(/c[xi, . . . ]) is given by: 

k[x!, . . .] -> . . .] <g) fc . . .] 

Xi \— > Xj <8) 1 + ^ Xj <g> Xfc + 1 ® Xj 

The group law of T_ = Spf &{{xi, . . . }} is given by: 

k{{x 1} . . . }} -> fc{{xi, . . . }}®fc£;{{xi, . . . }} 

Xj I— > Xj <g) 1 + ^ Xj ® Xfc + 1 (g> Xj 

j+k=i 

Let be fc((z))* be the connected component of the origin in the func- 
tor of groups k((z))*. 

Theorem 4.10. The natural morphism of functors of groups over the 
category of k-schemes: 

T_ x G^x k((z))* 

is injective and for char(k) = gives an isomorphism with k((z))\ 
k((z))* o is therefore representable by the (formal) k-scheme: 

r = LxG m x r + 

Proof. The morphism from G m to k((z))* is the one induced by the 
natural inclusion H°(S, O s )*~ H°(S, O s )((z))*. 

The injectivity of T <—> k((z))* follows from the fact that T_ fl T + = 
{1}. The rest of the proof is trivial from the above results and from 
the properties of the exponential map we shall see below. □ 

Remark 12. Our group scheme V is the algebraic analogue of the group 
r of Segal- Wilson [SW], Note that the indexes "-" and "+" do not 
coincide with the Segal- Wilson notations. Replacing k((z)), by k((z~ r )) 
we obtain the same notation as in the paper of Segal- Wilson. 
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Let us define the exponential maps for the groups T_ and T + . Let 
A n be the n dimensional affine space over Spec(/c) with the additive 
group law, and A n the formal group obtained as the completion of A n 
at the origin. We define as the formal group lim A n . Obviously 

n 

Aqo is the formal scheme: 

A 0O = Spf *;{{?/!,...}} 

with group law: 

k{{ yi , ...}}-> k{{ Vl , . . . }}® k k{{yi, ■■■}} 
Vi ' — > yi®l + l®yi 

Definition 4.11. If the characteristic ofk is zero, the exponential map 
for T_ is the following isomorphism of formal group schemes: 

{ai} i>0 ' ^ exp(J^ a* z~ l ) 

i>0 

This is the morphism induced by the ring homomorphism: 

k{{x u ...}} ^ > k{{y u ...}} 

x,i t— > coefficient of z~ l in the series exp(^^ yj z~i) 

j>0 

Definition 4.12. If the characteristic of k is p > 0, the exponential 
map for T_ is the following isomorphism of formal schemes: 

Aoo^r_ 



Oj z 
i>0 



which is the morphism induced by the ring homomorphism: 

k{{x u ...}}^k{{y u ...}} 

Xi i— > coefficient of z~ % in the series — diZ~ l ) 



i>0 



Note that this latter exponential map is not a isomorphism of groups. 
Considering over Aqo the law group induced by the isomorphism, exp, 
of formal schemes, we obtain the Witt formal group law. 

Analogously, we define the exponential maps for the group T + : 
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Definition 4.13. Let A°° be the group scheme overk defined by lim A n 

n 

(where A n+1 = Spec k[x±, . . . , x n+ i] — > A n = Spec . . . , x„] £/ie 
morphism defined by forgetting the last coordinate) with its additive 
group law. The exponential map when char(k) = is the isomorphism 
of group schemes: 

a°° -> r+ 

{ai} i>0 i-> exp(^aj z l ) 
If char (k) = p ^ 0, £/ie exponential map is the isomorphism of schemes: 

a°° -> r+ 

{a*}i>o i-> JJ(1 - a***) 

i>0 

which is not a morphism of groups. 

(See [B] for the connection of these definitions and the Cartier- 
Dieudonne theory). 

It should be noted that the formal group scheme Y_ has properties 
formally analogous to the Jacobians of the algebraic curves: one can 
define formal Abel maps and prove formal analogues of the Albanese 
property of the Jacobians of smooth curves (see [KSU,C]). 

Let C = Spi(k[[t]\) be a formal curve. We define the Abel morphism 
of degree 1 as the morphism of formal schemes: 

0! : c -> 

given by 4>\(t) = (1 — = l + X]j>o ^ na ^ i s > ^ ne morphism induced 
by the ring homomorphism: 

*{{*!,...}}->*[[*]] 

$i I ^ t 

Note that the Abel morphism is the algebro-geometric version of the 
function q^(z) used by Segal and Wilson ([SW] page 32) to study the 
Baker function. 

Let us explain further why we call (f)\ the 'Abel morphism" of degree 
1. If char(k) = 0, composing <pi with the inverse of the exponential 
map, we have: 

0i : C ^ T_ ►> Aoo 

exp 1 
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and since (1 — |) 1 = exp(^ i>0 f^) (see [SW] page 33), <f>\ is the 
morphism denned by the ring homomorphism: 

k{{ yi ,...}}^k[[t}} 

t 

v% - 

i 

or in terms of the functor of points: 

t 2 t 3 

2 3 5 

Observe that given the basis uo,i = t l dt of the differentials = k[[t]]dt, 
4>i can be interpreted as the morphism defined by the "abelian inte- 
grals" over the formal curve: 

01 (*) = {^J ^0, J U U . . . , J UJ h ...^j 

which coincides precisely with the local equations of the Abel morphism 
for smooth algebraic curves over the field of complex numbers. In 
general, for each integer number n > 0, we define the Abel morphism 
of degree n as the morphism of formal schemes: 

n : C x x c = c n -> r_ 

given by <f) n {ti, ■ ■ ■ ,t n ) = Yli=i (l — ^) ^ that i s > the morphism in- 
duced by the ring homomorphism: 

k{{x u ...}} -> fc[[ti]]<g>.?.<g>A;[[*n]] 

I— > coefficient of z~ % in the series 

i=i z 

Note that 4> n factorizes through a morphism, (fi n from the n th -symmetric 
product of C to T_, which is the true Abel morphism; moreover <p n is 
an immersion. 

Theorem 4.14. (r_, 0i) satisfies the Albanese property for C ; that is, 
every morphism ip : C — > X m a commutative group scheme (which 
sends the unique rational point of C to the E X ) factors through the 
Abel morphism and a homomorphism of groups r_ — > X. 

Proof. Let ^C-slbea morphism from the formal scheme (7 to a 
group scheme X such that -^(rational point) = 0. For each n > 0, one 
constructs a morphism: 
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which is the composition ofipx-'-xip: Cx.^.xC^Xx.^.xX 
and the addition morphism X x Z 1 } . x X X . Observe that ip n factors 
through a morphism: 

s n c 

and bearing in mind that T_ = \\mS n C (as formal group schemes) 

n 

we conclude the proof of the existence of a homomorphism of groups 
ip : T_ — > X satisfying the desired condition. □ 



5. r-FUNCTIONS AND BAKER FUNCTIONS 

This section is devoted to algebraically defining the r-functions and 
the Baker functions over an arbitrary base field k. 

Following on with the analogy between the groups T and T_ and the 
Jacobian of the smooth algebraic curves, we shall make the well known 
constructions for the jacobians of the algebraic curves for the formal 
curve C and the group Y: Poincare bundle over the dual jacobian and 
the universal line bundle over the jacobian. In the formal case these 
constructions are essentially equivalent to defining the r-functions and 
the Baker functions. 

Using the notations of section |], let us consider the Grassmannian 
Gr(V) of V = k((z)) and the group 

r = r_ x G m x r+ 

acting on Gr(V) by homotheties. 

As we have shown in |], there exists a central extension of T: 

given by a pairing: 

r x r -> G rn (5.1) 

Proposition 5.2. The extension T + ofT + is trivial. 

Proof. We will construct a section s (as groups) of r + — ► T + ; that is, 
for an element g G T + we give s(g) G T + such that s is a morphism of 
groups. 

Denote by \x : T x Gt(V) — > Gr(V) the action of T on Gr(V) and by 
fig the automorphism of Gr(V) induced by the homothety -g : V — > V 
for g G r. 
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Fix g G r + . Observe that there exists a quasi-isomorphism of com- 
plexes: 

C ► V/V+ 

> 

//*(£) ► V/V+ 

since g ■ V + ~ V + . We have thus an isomorphism Dety ~ //* Dety in 

a canonical way, and hence a well-defined element s(g) G T + . Since 
this construction is canonical and fi g > o /j, g = [i g i. g it follows easily that 
s{g') ■ s{g) = s{g' ■ g). ' □ 

Proposition 5.3. For a rational point U G Gr(V) ; let fiu be the 

morphism T x {U} — > Gr(V) induced by \i. Then, the line bundle 
/i^Dety |T_ is trivial, and the extension T_ is thus trivial. 

Proof. Assume U G Fy+ (the general case is anologous). It is no diffi- 
cult to obtain the following equality for g G T_: 

{tfjti+M = n+{g-u) = n + (u) + J2xs(g)-n s (u) 

s 

where the sum is taken over the set of Young diagrams and xs is the 
Schur polynomial (in the coefficients of g) corresponding to S. Since 
Q + (U) 7^ and the coefficients of g are nilpotents, it follows that 
is a no- where vanishing section of [i* v Det^, and this bundle is therefore 
trivial. 

Observe now that since T_ can be thought as the sheaf of automor- 
phisms of filj Dety one has that T_ is a trivial extension. □ 



Corollary 5.4. The restrictions of the pairing [5T1| to the subgroups T_ 
and r + are trivial. 

We define the Poincare bundle over T x Gr( V) as the invertible sheaf: 

<P = fj,* Det* v 

For each point U G Gr(V), let us define the Poincare bundle over 
T x T associated with U by: 

where m : V x V — ► V is the group law. 

The sheaf of r-functions of a point U G Gr(V), C T (U), is the invert- 
ible sheaf over T x {U} defined by: 

Cr(u) = q3| rx{[7} 
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Let us note that the sheaf C T (U) is defined for arbitrary points of 
the Grassmannian and not only for geometric points. 

The restriction homomorphism induces the following homomorphism 
between global sections: 



Definition 5.6. The r-function of the point U over T is defined as the 
image tu of the section by the homomorphism \57b\ (Q + being the 



Obviously tjj is not a function over V x {U} since the invertible sheaf 
C T {U) is not trivial. 

The algebraic analogue of the r-function defined by M. and Y. Sato, 
Segal and Wilson ([SS], [SW]) is obtained by restricting the invertible 
sheaf C r (U) to the formal subgroup T_ C V. 

To see this, fix a rational point U G Gr(V) and define: 



which is a trivial invertible sheaf over r_. To obtain a trivialization 
of £ T (U) which will allow us to identify global sections with functions 
over T_ we must fix a global section of C T (U) without zeroes in r_. 

Recall that T_ is a trivial extension of T_ and it has therefore a 
section s. It follows that the group T_ acts on C T (U) (through s) and 
on r_ by translations. One has easily that the morphism: 



Hom r _. equ iv (T_,V(£ T (f/)*)) C Hom r _. esq (T_, Y(C T (U)*)) = H°(T.,C T (U)) 



Let 5 be an non-zero element in the fibre of Y(C T (U)*) over the point 
1 of r_ (1 being the identity of Let o"o be the unique morphism 
T_ — > V(£ T (U)*) r_-equivariant such that er (l) = 5, and denote again 
by cr the corresponding section of C T {U). 

Observe that <To is a constant section and since it has no zeros it gives 
a trivialization of C T (U). Through this trivilization, the global section 
of C T (U) defined by tjj is identified with the function tu G 0(T-) = 
k{{x\, • • • }} given by Segal- Wilson [SW]: 




(5.5) 



global section defined in \3.14 )- 



C T (U) = C T (U)\ r _ x{u} 



Y(c T (u)*) -> r_ 

is equivariant with respect to these actions. 
Note now that: 




Q + {gU) 
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Finally, if U G Fy+ then one can choose 5 
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Observe that the r-function tjj is not a series of infinite variables but 
an element of the ring k{{x\, • • •}}■ 

The subgroup T + of T acts freely over Gr(V). Accordingly the orbits 
of the rational points of Gr(V) under the action of T + are isomorphic, 
as schemes, to T + . 

Let X be the orbit of V~ = z~ l ■ k[z~ x ] C V under T + . The restric- 
tions of Dety and Dety to X are trivial invertible sheaves. Bearing in 
mind that the points of X are /c-vector subspaces of V whose intersec- 
tion with V + is zero, one has that the section Q + of Dety defines a 
canonical trivialization of Dety over X. 

Theorem 5.7. The restriction homomorphism Dety — > Dety \x in- 
duces a homomorphism between global sections: 

B : H° (Gr(V), Dety) — > H° (X, Dety | x ) ~ 0(T + ) = k[ Xl , . . .] 

which is an isomorphism between the k-vector subspace Q(S) defined 
in and 0(T + ). The isomorphism H°(X, Dety \ x ) ^ 0(T+) is the 
isomorphism induced by the trivialization defined by Q + . 

In the literature, the isomorphism B : Vt(S) 0(Y + ) is usually 
called the bosonization isomorphism. 

Proof. All one has to prove is that B(£lg) = F$(x), Q$ being the 
Pliicker sections of Dety defined in |3.14j and Fs(x±, X2, ■ ■ ■ ) being the 
Schur functions. Proof of the identity B(Qs) — Fs{%) is essentially the 
same as in the complex analytic case; see [SW] and [PS]. 

In some of the literature, the r function of a point U G Gr(V) is 
defined as the Pliicker coordinates of the point U. Let us therefore 
explain in which sense both definitions are equivalent. 

The canonical homomorphism: 

if (Dety) ® C Gr( y) — ► Dety -> 
induces a homomorphism: 

Dety = Dety* ^ H°(Det* v )* ® Gv{v) 

□ 

Definition 5.8. Given a point U G Dety in the fibre of U G Gr(V), 
the f -function ofU is defined as the element f(U) G H° (Dety)*® k(U) 
(k(U) being the residual field of U ). This is essentially the definition 
of t -functions given in the papers of M. and Y. Sato, Arbarello and De 
Concini, and Kawamoto and others ([SS], [AD], [KNTYJJ. 



THE ALGEBRAIC FORMALISM OF SOLITON EQUATIONS 



33 



Lemma 5.9. There exists an isomorphism of k- vector spaces: 

o(r+y -> o(r_) 

Proof. Recall that 0(T + ) = k[x u . . . ] and that 0(F_) = k{{x u x 2 , . . . }} 
Now think that X{ is the i-symmetric function of other variables, say 

ti,t 2 , It is known that the Schur polynomials {F s } (where S is a 

partition) of the t's are polynomials in the x's and are in fact a basis of 
the k- vector space k[x±, . . .]. The isomorphism is the induced by the 
pairing: 

0{T+) x e>(r_) — ► k 

(Fs, F~s>) i — > 5s,s' 
(see [Mc]). □ 

The composition of the homomorphism B* (the dual homomorphism 
of B) and the isomorphism of the above lemma gives an homomor- 
phism: 

B* : 0(T + y = k{{ Xl ,x 2 , •-.}} — H° (D<)* 
The connection between Tu and f(U) is the following: 

B*(r u ) = \.(f(U)) 

A being a non-zero constant. (Of course, if U is not rational but a point 
with values in a scheme S, \ E H° (S, Os)*)- 

The connection of the r-functions with autoduality (in the sense of 
group schemes) properties of the group r = T + implicit in 

the above discussion, is studied with detail in [C,P]. L. Breen in [B2] 
outlines also some of these properties from another point of view. 

Once we have algebraically defined the r-functions, we can define the 
Baker functions using formula 5.14. of [SW]; this is the procedure used 
by several authors. However, we prefer to continue with the analogy 
with the classical theory of curves and jacobians and define the Baker 
functions as a formal analogue of the universal invertible sheaf of the 
Jacobian. 

Let us consider the composition of morphisms: 

(3 : C x T x Gt(V) ^rxTx Gr(V) ^ T x Gr(V) 

4> : C = Spf k[[z\] — > T being the Abel morphism (taking values in 
T_ C r) and m : T x T — > T the group law. 

Definition 5.10. The sheaf of Baker- Akhiezer functions is the invert- 
ible sheaf over C x Y x Gr(V) defined by: 

Cb = (0 x Id)*{m x Id)*%$ 
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Let us define the sheaf of Baker functions at a point U G Gr(V) as 
the invertible sheaf: 

C B {U) = C B \c x rx{u} = flu £t(U) 

* 

(where flu is the following homomorphism between global sections: 

H°(T x {[/}, Z T (U)) ^ H°(C x T x {[/}, Cb(U)) 

By the definitions, ^-b{U)\^ xT _ xS jj^ = £-b(U) is a trivial invertible 

sheaf over (7 x L. 

Observe that for each element u G F_(S) C k((z))*(S) = H°(S, O s )((z)Y 

we can define a fractionary ideal of the formal curve C$ by: 

h = u- O s ((z)) 

in such a way that we can interpret the formal group T_ as a kind of 
Picard scheme over the formal curve. The universal element of T_ is 
the invertible element of k((z))*(T_) given by: 

v = 1 + z~ l G k((z))®k{{x u x 2: ... }} 
i>i 

This universal element will be the formal analogue of the universal 
invertible sheaf for the formal curve C . 

Definition 5.11. The Baker function of a point U G Gr(V) is ip v = 
v~ l • fiuiju), where 

fa :H (Tx {U}, £([/)) ^H°(CxTx {U}, Z B (U) 

- — * 

is the homomorphism induced by flu . 

Observe that the Baker function of V~ = z^ 1 k[z _1 ] is the universal 
invertible element i> _1 . 

Note that, analogously to the case of r- function, we can choose a 
trivialization of Cb{U) over C x T_ x {U} in such a way that the 
function asociated to the section v ~ 1 • flui^u) is: 

ijju(z,g)=v -— (5.12) 

T u{9) 

which is the classical expression for the Baker function. 

When the characteristic of the base field k is zero, we can iden- 
tify T_ with the additive group scheme Aoo through the exponential 
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and expression [5.12| is the classical expression for the Baker functions 
([SW] 5.16): 

w*.*) = ( ! ^^)-«p(-E**^) 

where [z] = (z, ^z 2 , ^z 3 , . . . ) and t = (t\, £2, . . . ) and i> = exp(J^ U z~ l ) 
through the exponential map. 

For the general case, we obtain explicit expressions for ipu as a func- 
tion over C x A^ but considering in Aoo the group law induced by the 
exponential |4.12| : 

^u{z, g) = v(z, g) — 

(* being the group law of A^). 

The classical properties characterizing the Baker functions (for ex- 
ample proposition 5.1 of [SW]) can be immediately generalized for the 
Baker functions over arbitrary fields. 

Remark 13. Note that our definitions of r-functions and Baker func- 
tions are valid over arbitrary base fields and that can be generalized 
for Z. One then has the notion of r-function and Baker functions for 
families of elements of Gr(V) and, if we consider the Grassmannian 
of Z((z)) one then has r-functions and Baker functions of the ratio- 
nal points of Gr(Z((z))) and the geometric properties studied in this 
paper have a translation into arithmetic properties of the elements of 
Gr (Z((z))). The results stated by Anderson in [A] are a particular 
case of a much more general setting valid not only for p-adic fields but 
also for arbitrary global field numbers. Our future aims are to study 
the arithmetic properties related to these constructions. 
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